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Intra-beam Scattering
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Intra-beam Scattering
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Intra-beam Scattering
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Intra-beam Scattering
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Dispersion

Coulomb Scatter
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Intra-beam Scattering
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Intra-beam Scattering
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Coherent Electron Cooling
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Coherent Electron Cooling
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Coherent Electron Cooling
Equations of Motion

φ� = −η�

�� = −ξ0 sin(krD�� + θFEL) + V0φ
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Coherent Electron Cooling
Equations of Motion

FEL-dependent
parameters

φ� = −η�

�� = −ξ0 sin(krD�� + θFEL) + V0φ
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Debye Screening

Lifted from G. Wang and M. Blaskiewicz, PRE (2008)

Assumptions:

• Anisotropic velocity distribution

• kappa-2 distribution

• Free, infinite plasma
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Debye Screening

Static Screening Dynamic Screening

ñ1(�x, t) =
Z

4π(σxσyσz)
1
r
e−r

Lifted from G. Wang and M. Blaskiewicz, PRE (2008)
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� t

0
dt�
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Debye Screening

Model Assumptions

• Infinitely wide electron beam

• No external confinement (betatron oscillations)

• Particular energy distribution
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Free-electron lasers
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Free-electron lasers

Lifted from Z. Huang and K.-J. Kim, PRST-AB (2007) 16



Free-electron lasers
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�E ∝ eı(ωrt/c−krz)

Electric FieldElectron Velocity

�v⊥(z) ∝ eıkwz



Free-electron lasers
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�E ∝ eı(ωrt/c−krz)

Electric Field

Energy Exchange

dE
dz
∝ �v⊥ · �E ∝ eı(kwz+ωrt/c−krz)

Electron Velocity

�v⊥(z) ∝ eıkwz



Free-electron lasers
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Resonance Condition

dψ

dz
= 0→ λr =

λw

2γ2
0

(1 + a2
w)

Ponderomotive Phase

ψ = kwz + ωrt/c− krz



Free-electron lasers
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Bandwidth

1
T

� T

−T
dt eıωt cos(ω0t) ≈

sin(δω T )
δω T

σFWHM ≈
√

2 δω T



Free-electron lasers
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Narrow bandwidth

δω

ωr
∼ 1

Nw

Tunable frequency

λr ∝ γ−2
0 (1 + a2

w)



Three-Dimensional FEL Theory
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Three-Dimensional FEL Theory

Lifted from Z. Huang and K.-J. Kim, PRST-AB (2007) 22



λr =
λw

2γ2
0

(1 + K2)

Three-Dimensional FEL Theory
FELs - the basics

ρ = (kwLG)−1

Pierce Parameter

Resonance Wavelength

Gain Length

LG =
�

E2
0 c2γ0

2πνe3Kkwn0

�1/3

From Saldin et al. NIM A (1992)
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Three-Dimensional FEL Theory
FELs - the basics

ρ = (kwLG)−1

Pierce Parameter

Resonance Wavelength

Gain Length

LG =
�

E2
0 c2γ0

2πνe3Kkwn0

�1/3

Diffraction Length

�2 =
2νωr

LGc
∼ (1mm)2

From Saldin et al. NIM A (1992)
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Three-Dimensional FEL Theory
Single Particle Equations of Motion

δ

��
Hdt− pzdz

�
= 0
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Three-Dimensional FEL Theory
Single Particle Equations of Motion

pz ≈
E0 + E

c
− 1

2
1
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+

�
E
E0

�2
�
×

�
e2

c2
( �A2

w + 2 �Aw · �Al) + m2c2

�
+
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Three-Dimensional FEL Theory
Single Particle Equations of Motion

dE
dz

=
1

E0c

�
1− E

E0

�
e2

c2
�Aw · ∂ �Al

∂t
− e

c

∂Az

∂t

dt
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�
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Three-Dimensional FEL Theory
Maxwell Equations

∂tEz = −4π

c
jz

1
(
√

2π)3

�
dν d2k⊥ eıνωr(z/c−t)eı�k⊥·�r⊥

�
2ıνωr/c ∂zÃl − k2

⊥Ãl

�
=

4π

c
�j⊥
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Three-Dimensional FEL Theory
Maxwell Equations

Ẽz = − 4πı

cνωr
j̃z

�Aw · Ãl = e−ı
ck2
⊥

2νωr
zeıkwz

�
�Aw · Ãl |z=0 +

ıπ

νωr

K

γ0
Aw

� z

0
j̃zdz�

�
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Three-Dimensional FEL Theory
Maxwell-Vlasov Formalism

df

dz
=

∂f

∂z
+ t�

∂f

∂t
+ E � ∂f

∂E = 0 Conservation of phase space density
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Three-Dimensional FEL Theory
Maxwell-Vlasov Formalism

df

dz
=

∂f

∂z
+ t�

∂f

∂t
+ E � ∂f

∂E = 0

�A ∝
�

f1dE
f = f0 + f1 |f1| � |f0|Assume

Conservation of phase space density
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Three-Dimensional FEL Theory
Maxwell-Vlasov Formalism

df

dz
=

∂f

∂z
+ t�

∂f

∂t
+ E � ∂f

∂E = 0

∂f1

∂z
+ t�

O((f1)0)

∂f1

∂t
+ E

�
O((f1)1)

∂f0

∂E
+O(f2

1 ) = 0

�A ∝
�

f1dE
f = f0 + f1 |f1| � |f0|Assume

Conservation of phase space density
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Three-Dimensional FEL Theory
Normalized Coordinates

Ĉ =
ωr − ω

ωrρ
P̂ =

2ωE
ωrρE0

k̂2
⊥ = k2

⊥
cLg

2ωr

Detuning Energy Deviation Diffraction
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Three-Dimensional FEL Theory
Maxwell-Vlasov Equation of Motion

j̃z = −ec
ρE0

2ν

�
dP̂ eı(Ĉ+P̂−k̂2

⊥)ẑ f̃1 |ẑ=0 +
�

dP̂

� ẑ

0
dẑ�eı(Ĉ+P̂−k̂2

⊥)(ẑ�−ẑ)

�
d2q̂ e−ı(q̂2−k̂2

⊥)ẑ�×
�
Û0 +

� ẑ�

0
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pj̃z
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dP̂
Ĝ(�q − �k⊥)
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Three-Dimensional FEL Theory
Maxwell-Vlasov Equation of Motion

L[f(x)] = F (s) =
� ∞

0
ds e−sxf(x)

Solves initial value 
problem as algebraic 

problem Separates out the
integral equation

Poles in s determine 
dispersion relation 

from Cauchy integral formula

31



Three-Dimensional FEL Theory

D̂(s) =
�

dP̂
dF̂

dP̂

1
s + ı(Ĉ + P̂ )

Dispersion Relation

s =
D̂

1− ıΛ̂2
pD̂

From Saldin et al. NIM A (1992)
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Three-Dimensional FEL Theory
Infinite Beam

Ĝ(�q − �k⊥) = δ(�q − �k⊥)

j̃z = −ec
ρE0

2ν

�



�
dP̂

sesẑ

1− D̂�
 + ıΛ̂2

p

�
D̂j + sD̂�



� 1
s + ı(Ĉ + P̂ − k̂2

⊥)
f̃1 |ẑ=0

Ĉ3D = Ĉ − k̂2
⊥
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Three-Dimensional FEL Theory
Finite Beam

j̃z = −ec
ρE0

2ν

�
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0
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�
d2q̂ e−ı(q̂2−k̂2

⊥)ẑ�×
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Must account for 
beam size effects

Three-Dimensional FEL Theory
Finite Beam

j̃z = −ec
ρE0

2ν

�
dP̂ eı(Ĉ+P̂−k̂2
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0
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Three-Dimensional FEL Theory
Finite Beam

Eigenmode Expansion

ψ�(�k⊥) =
1
ω�

�
d2q⊥ Ĝ(�k⊥ − �q⊥)ψ�(�q⊥)

� ẑ

0
dẑ� j̃z(ẑ�) =

�

�

ψ�(�k⊥)eı�k2
⊥ẑa�(ẑ)
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Three-Dimensional FEL Theory
Finite Beam

Eigenmode Expansion

Optical Guidingψ�(�k⊥) =
1
ω�

�
d2q⊥ Ĝ(�k⊥ − �q⊥)ψ�(�q⊥)

� ẑ

0
dẑ� j̃z(ẑ�) =

�

�

ψ�(�k⊥)eı�k2
⊥ẑa�(ẑ)
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Three-Dimensional FEL Theory
Finite Beam

jz =
1

(
√

2π)3

�
dν d2k⊥eıkwz+ıνωr(z/c−t)eı�k⊥·�r⊥e−ıck2

⊥/(2νωr)z j̃z

� ẑ

0
dẑ� j̃z(ẑ�) =

�

�

ψ�(�k⊥)eı�k2
⊥ẑa�(ẑ)

Diffraction cancels
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Three-Dimensional FEL Theory
Finite Beam

Eigenmode Expansion

Qm,� =
�

d2k⊥ k2
⊥ψm(�k⊥)ψ�(�k⊥)

a�� − ıQm,�am = −ec
ρE0

2ν

�
dÊ

�
d2k̂⊥ eı(Ĉ+Ê−k̂2

⊥)ẑ f̃1 |0 ψ�(k̂⊥)−
�

dÊ
� ẑ

0
dẑ� eı(Ĉ+Ê)(ẑ�−ẑ) × 1

ω�

�
an + ıΛ̂2

p [a�� + ıQm,�am]
�

dF̂

dÊ
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Three-Dimensional FEL Theory
Finite Beam

Laplace Transform
��

s− D̂ωm(1 + ısΛ̂2
p)

�
δ�,m + (1 + ıΛ̂2

pωm)Q�,m

�
am = f̃ �

1
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Three-Dimensional FEL Theory
Finite Beam

One-Dimensional Limit

ωm = 1
Q�,m = 0

Scaling Laws

ω ∼ L̂0

Q ∼ L̂−4

ψ�(�k⊥) =
1
ω�

�
d2q⊥ G̃(�k⊥ − �q⊥)ψ�(�q⊥)→

�
ψ�(�k⊥) = ψ�(�k⊥), ω� = 1

�
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FEL Dispersion Relation
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FEL Dispersion Relation

D̂(s) =
�

dP̂
dF̂

dP̂

1
s + ı(Ĉ + P̂ )

Dispersion Relation

s =
D̂

1− ıΛ̂2
pD̂
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FEL Dispersion Relation
Dispersion Relation

Γ(N)√
2πNσ2Γ(N − 1/2)

1
�
1 + P̂ 2/(2σ2N)

�N

Gaussian through Bell Curves
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FEL Dispersion Relation
Dispersion Relation

D̂κ−1(s) =
ı

(s + q̂ + ıĈ)2

D̂cold(s) =
ı

(s + ıĈ)2

From Saldin

D̂N = ı
Γ[N ]

qNΓ[N − 1/2]
×

2π

(N − 1)!
1

22N−1

N−1�

m=0

�
N − 1

m

�

�
2mm!

(s + qN + ıĈ)2+m
qN−1−m
N

(2N − 1−m)!
(N − 1)!

�

From Webb et al. FEL’10
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FEL Dispersion Relation
Dispersion Relation

3 roots for cold beam
3 roots of Lorentzian

........
N+2 roots for N-Lorentzian

.....................
Infinite roots for Gaussian!
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FEL Dispersion Relation
Argument Principle

Z − P =
1
2π

�
d(Arg(w(z))

w(z)

z w(z)
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FEL Dispersion Relation
Argument Principle

Z − P =
1
2π

�
d(Arg(w(z))

w(z)s s− D̂(s)

s− D̂(s) ?R

46



FEL Dispersion Relation
FEL Dispersion Poles

P̂

Landau
Prescription

P̂
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FEL Dispersion Relation
FEL Dispersion Poles

P̂

Landau
Prescription

D̂(s) =
�

dP̂
dF̂

dP̂

1
s + ı(Ĉ + P̂ )

P̂
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FEL Dispersion Relation
FEL Amplifying Modes

s

R

Parameterize Contour

s = Reıθ θ ∈ (−π/2, π/2)

s = ıt t ∈ (∞,−∞)
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FEL Dispersion Relation
FEL Amplifying Modes

s

R

Parameterize Contour

s = Reıθ θ ∈ (−π/2, π/2)

s = ıt t ∈ (∞,−∞)

w(s = ıt) = ıt−
�

dP ı
dF̂

dP̂

1
t + Ĉ + P̂

w(s = Reıθ) = s +O(R−2)
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FEL Dispersion Relation
FEL Amplifying Modes

�
dP

dF̂

dP̂

1
t + Ĉ + P̂

= P
�

dP
dF̂

dP̂

1
t + Ĉ + P̂

+ ıπF̂ �(P̂ = −t− Ĉ)

per Landau

Bell curves only have one place where the 
imaginary part of this vanishes
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FEL Dispersion Relation
FEL Amplifying Modes

s

R
s− D̂(s)

One growing mode
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FEL Dispersion Relation
FEL Amplifying Modes

s

R
s− D̂(s)

No growing modes
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FEL Dispersion Relation
FEL Amplifying Modes

How does the image of the vertical line cross the imaginary axis?

Does this depend on the detuning?
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FEL Dispersion Relation
FEL Amplifying Modes

For FEL dispersion relation

F̂ �(s = −t− Ĉ) = 0

Im
�
ıt− D̂(s = ıt)

�
> 0

Im
�
ıt− D̂(s = ıt)

�
< 0

No growing mode

One growing mode

Critical Frequency

Ĉ∗ = Im

��
dP̂

dF̂

dP̂

1
ıP̂

�
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